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Abstract
Let B2CR2 and S2CR3 be the unit disk and the unit sphere, and let v :B2  Rþ-S2 be a
radially symmetric harmonic map heat ﬂow, whose singularities coincide with downward
energy jumps. Then its ﬁnite time singularities are simple in the sense that precisely one
harmonic sphere separates at a time.
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1. Introduction
This paper is concerned with the character of certain singularities, occurring in
solutions of the initial–boundary value problem for the radially symmetric harmonic
map heat ﬂow B2-S2:
vt ¼ Dv þ jrvj2v in B2  Rþ; ð1Þ
vðx; tÞ ¼ v0ðx; tÞ on @B2  Rþ; ð2Þ
vðx; 0Þ ¼ v0ðx; 0Þ for xAB2: ð3Þ
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Here vðx; tÞ is a unit vector in R3; B2 is the unit disk in R2;
v0ACNðB2  ½0;NÞ;S2Þ and jrvj2 :¼
X3
i¼1
X2
j¼1
@vi
@xj
 2
:
When v0 does not depend on time, it follows from results by Struwe [8] and Chang [2]
that problem (1)–(3) admits a global weak solution, which is classical apart from at
most a ﬁnite number of singularities and which satisﬁes the energy inequality
Eðvð
; tÞÞ :¼ 1
2
Z
B2
jrvð
; tÞj2p1
2
Z
B2
jrv0j2: ð4Þ
In particular, it is shown that the problem admits a classical solution in a maximal
time interval of existence ½0; TÞ (where T may beN), during which
dE
dt
¼ 
Z
B2
u2t :
If ToN; this relation is used to construct the weak limit vð
; TÞ ¼ limtmT vð
; tÞ in
H1ðB2;R3Þ; which satisﬁes vð
; TÞAH1ðB2; S2Þ ¼ fuAH1ðB2;R3Þ : juj ¼ 1 a:e:g and
which is subsequently used as a new initial function from which the solution is
continued. The authors then also show the existence of a constant c40 such that
Eðvð
; TÞÞplimtmT Eðvð
; tÞÞ  c; thus proving the ﬁniteness of the number of such
singularities. We shall refer to such jumps in Eðvð
; tÞÞ—which also may occur at
t ¼N—as ‘‘blow-up events’’ and to the times at which they occur as ‘‘blow-up
times’’.
Freire [5] has shown that the global weak solution to problem (1)–(3) (again with
time-independent v0) is unique under the additional condition that Eðvð
; tÞÞ is
nonincreasing in time. Clearly, the solution constructed by Struwe and Chang
satisﬁes this condition; we shall refer to it as the ‘‘Struwe solution’’.
A beautiful overview of various aspects of harmonic map heat ﬂows can be found
in [9].
In this paper we consider the radially symmetric situation in which vðx1; x2; tÞ
belongs to the vertical plane containing the origin and the point ðx1jxj; x2jxj; 0ÞAS2:
Writing r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
; we deﬁne hðr; tÞ to be the angle between vðx1; x2; tÞ and the
vertical axis. Then vðx1; x2; tÞ ¼ ðx1r sin hðr; tÞ; x2r sin hðr; tÞ; cos hðr; tÞÞ; and problem
(1)–(3) is reduced to problem (5)–(7):
ht ¼ hrr þ hr
r
 sin 2h
2r2
in ð0; 1Þ  Rþ; ð5Þ
h ¼ YðtÞ ¼ h0ð1; tÞ in fr ¼ 1g  Rþ; ð6Þ
hðr; 0Þ ¼ h0ðr; 0Þ for 0pro1: ð7Þ
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Also, we obtain that Eðvð
; tÞÞ ¼ E1ðhð
; tÞÞ; where
ERðhÞ :¼ p
Z R
0
h2r þ
sin2 h
r2
 
r dr: ð8Þ
It has been shown in [6] that the ﬁniteness of E1ðhð
; tÞÞ implies that hð
; tÞAC½0; 1 for
every t40 and that
hð0; tÞ ¼ kðtÞp for some integer kðtÞ: ð9Þ
Without loss of generality, we assume that
h0ð0; 0Þ ¼ 0: ð10Þ
Note that, in order that v0 be smooth, we must require that
h0ACNð½0; 1  RþÞ and that @ð2nÞ1 h0ð0; tÞ ¼ 0:
In the case of a radially symmetric Struwe solution with h0 independent of time, it
has been shown in [4] that ﬁnite blow-up times occur if h0 is appropriate. In such
cases, the authors prove that hð0; tÞ ¼ 0 up to the ﬁrst blow-up time T and that
limtmT jhrð0; tÞj ¼N: It is not difﬁcult to show that also
lim sup
tmT ; r-0
jhðr; tÞ  hð0; tÞjXp: ð11Þ
(The argument combines the results of [3] and a comparison argument (see
Section 2).)
Recently, in the radially symmetric situation it has been shown independently in
[1,11] that Freire’s nonincreasing energy condition is necessary for uniqueness. In
these papers, solutions exhibiting a different type of discontinuity are introduced:
lim sup
tkT0; r-0
jhðr; tÞ  hð0; tÞj ¼ p: ð12Þ
At such events, in contrast to the situation of the Struwe solution, a positive amount
of energy is added to E1ðhð
; tÞÞ:
It is the purpose of this paper to analyze more precisely blow-up events as
occurring in the (radially symmetric) Struwe solution, that is, satisfying (11). In
particular, we shall answer the question whether multiple blow-up events satisfying
(11) can occur simultaneously. In order to be sufﬁciently general, it is appropriate to
consider situations where h0 is time-dependent, but where the energy remains ﬁnite:
E1ðhð
; tÞÞoN: ð13Þ
Without loss of generality, we shall only consider the ﬁrst blow-up time T :
It is known that hð
; tÞ-hð
; TÞ as tmT ; uniformly on compact subsets of ð0; 1;
and that hð0; TÞ ¼ kðTÞp: If kðTÞa0; then, since kðtÞ ¼ 0 for toT ; the solution has
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jumped in the origin. But also if kðTÞ ¼ 0; (11) would imply something like a
simultaneous double jump, one to, say, p; the other one back to 0: Geometrically,
such a jump means—in terms of v—that the pre-image of a complete sphere
concentrates in one point (the origin). Once this has happened, this sphere ‘‘bubbles
off’’ and does not play a role any more. One may ask the question whether several
spheres can separate simultaneously, as suggested by the possibility of a double jump
to p and back to 0; or, more generally, in the case of a jump satisfying jkðTÞja1:
Such multiple separation events being called ‘‘bubble trees’’ (see [10]), we shall show
that bubble trees cannot occur in ﬁnite time in the present situation. Without loss of
generality, we shall consider the case where lim suptmT ; r-0 hðr; tÞXp and we shall
prove
Theorem. Let h be a solution of problem (5)–(7), satisfying (10) and (13), and having a
first blow-up at time ToN: Suppose that
lim sup
tmT ; r-0
hðr; tÞXp:
Then
(i) lim suptmT ; r-0 hðr; tÞ ¼ limr-0 hðr; TÞ ¼ p:
(ii) lim inf tmT ; r-0 hðr; tÞ ¼ 0:
(iii) There is no bubble tree.
The remainder of the paper is devoted to the
2. Proof of the Theorem
We begin this section by mentioning a Comparison Principle, valid for weak sub-
and supersolutions of problem (5)–(7). For anyT40; let RT :¼ ð0; 1Þ  ð0;TÞ and
ST :¼ @RT\fðr;TÞ: rA½0; 1g:
Comparison Principle. Let y and c be two functions satisfying the following properties:
(i) y;cACðRTÞ-W 1;2loc ðRTÞ;
(ii) EðyðtÞÞoN or EðcðtÞÞoN for tA½0;T;
(iii)
R R
RT
rytzp
R R
RT
rðzryr þ sin2y2r2 zÞ and
R R
RT
rctzX
R R
RT
rðzrcr þ sin 2c2r2 zÞ for
all 0pzAH10 ðRTÞ with compact support in RT:
If ypc on ST; then ypc in RT:
Remark. This Comparison Principle remains valid if we allow y and c to be
discontinuous in r ¼ 0; as long as yð0; tÞpcð0; tÞ for all 0ptpT: In the case that y
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and c represent radially symmetric Struwe solutions and ypc on ft ¼ 0g,fr ¼ 1g;
this condition is automatically satisﬁed. This can be seen as follows. If y (or c) blows
up at time T ; then yðr; TÞ ¼ limtmT yðr; tÞðcðr; TÞ ¼ limtmT cðr; tÞÞ for all r40: Since
yð0; TÞ ¼ limr-0yðr; TÞ ðcð0; TÞ ¼ limr-0 cðr; TÞÞ; the order of yð0; 
Þ and cð0; 
Þ is
automatically preserved.
For a proof of the Comparison Principle, the reader is referred to [1]. Throughout
this section, if we refer to the Comparison Principle we shall tacitly include the above
Remark.
In what follows, we shall frequently use the functions
waðrÞ ¼ p 2arctanðarÞ and fbðrÞ ¼ 2arctan br:
They are stationary solutions of (5). Concerning the wa; we shall only consider cases
where a40:
The following three auxiliary results are adaptations of the ideas, leading to the
Lemmas 2.5 and 2.6 in [7].
Lemma 2.1. Let hi; i ¼ 1; 2; be ( finite energy) solutions of the problems
hit ¼ hirr þ hir
r
 sin 2hi
2r2
ð0pro1; 0otoNÞ;
hið1; tÞ ¼ YiðtÞ ð0otoNÞ;
hiðr; 0Þ ¼ hi0ðrÞ ð0prp1Þ;
8>><
>>:
where hi0ð0Þ ¼ kip; hi0ð1Þ ¼ Yið0Þ; and Yið
Þ is smooth. Let 0pt1ot2 and 0oRp1
be given and let AC½0;R  ½t1; t2 be a nonempty connected component of fh14h2g:
Then
A-ðfr ¼ 0g,fr ¼ Rg,ft ¼ t1gÞa|:
Proof. Suppose, to the contrary, that A-ðfr ¼ 0g,fr ¼ Rg,ft ¼ t1gÞ ¼ |: Then
h1  h2 ¼ 0 on @A-ftot2g: Denoting by dist the Euclidean distance, we note that
distðA; fr ¼ 0gÞ40: Writing H ¼ ectðh1  h2Þ; we have
Ht ¼Hrr þHr
r
 cectðh1  h2Þ  ect sin 2h1  sin 2h2
2r2
:
Upon choosing c sufﬁciently large, we have that HtpHrr þHrr in A: By the
maximum principle, we deduce that Hp0 in A; which is a contradiction. &
Corollary 2.2. Let 0pt1ot2 and 0oRp1 be given and let GC½0;R  ½t1; t2 be a
nonempty connected component of fwaohopg: Then
G-ðfr ¼ 0g,fr ¼ Rg,ft ¼ t1gÞa|:
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Proof. We again suppose for contradiction that G-ðfr ¼ 0g,fr ¼ Rg,ft ¼
t1gÞ ¼ |: Then either h ¼ wa or h ¼ p on @G-ftot2g and the proof of Lemma 2.1
can be repeated. &
Lemma 2.3. Suppose that hð1; tÞ40 for all tA½0; T  and let a40 be given such that
wað1Þohð1; tÞ for all tA½0; T : There is a constant %Nða; h0ÞoN such that, for all
tA½0; T ; any sequence r1or2o?orN with the property
wða; t; NÞ
N ¼ 1 mod 4;
hðr4jþ1; tÞowaðr4jþ1Þ; waðr4jþ2Þohðr4jþ2; tÞop;
powaðr4jþ3Þ; waðr4jÞohðr4j; tÞop
8><
>:
satisfies Np %Nða; h0Þ: Moreover, if Nða; h0; tÞ is the maximal length of such a sequence,
then Nða; h0; tÞ is nonincreasing both in a and in t.
Proof. First, consider the case that t ¼ 0: Given a sequence frig satisfying wða; 0; NÞ;
it is clear that
r24supfr40: h0ðr; 0ÞowaðrÞ for all 0orprg40:
Consequently, there is a Cða; h0Þ40 such that
Er2jþ1ðh0ð
; 0ÞÞ4jCða; h0Þ40 ð j ¼ 1; 2;yÞ:
The fact that E1ðh0ð
; 0ÞÞoN now yields a ﬁnite upper bound Gða; h0Þ40 for N: In
particular, Nða; h0; 0ÞpGða; h0Þ:
Next, let t24t1X0 and let a sequence r1;y; rN be given, satisfying wða; t2; NÞ: We
shall show that there is an injective mapping ri-ri;1; such that fri;1g satisﬁes
wða; t1; NÞ: Upon deﬁning
A1;a ¼ fðr; tÞA½0; 1  ½0; T : hðr; tÞowaðrÞg;
A2;a ¼ fðr; tÞA½0; 1  ½0; T : waðrÞohðr; tÞopg;
A3;a ¼ fðr; tÞA½0; 1  ½0; T : hðr; tÞ4pg;
and setting
sðiÞ ¼
1 ði ¼ 1 mod 4Þ;
2 ði evenÞ;
3 ði ¼ 3 mod 4Þ;
8><
>:
we have that ðri; t2ÞAAsðiÞ;a: Let us denote by Bi;a the connected component in
½0; 1  ½t1; t2 of AsðiÞ;a that contains ðri; t2Þ: By Lemma 2.1 and Corollary 2.2 there
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are curves SiCAsðiÞ;a-ft1ptpt2g; connecting ðri; t2Þ and some xiAðfr ¼ 0g,fr ¼
1g,ft ¼ t1gÞ-Bi;a: By the Jordan curve theorem we obtain that ðri; t2Þ-xi is order
preserving, the order being deﬁned as in [M]. It is clear xiAft ¼ t1g for i41 and that
we may choose x1Aft ¼ t1g: We write xi ¼ ðri ; t1Þ:
When i is even, we note that either hðri1; t1Þpwaðri1Þ and hðriþ1; t1ÞXp; or vice
versa. Without violating the order, we may choose ri;1Aðri1; riþ1Þ such that
waðri;1Þohðri;1; t1Þop:
For i ¼ 3 mod 4 we note that riAðri1;1; riþ1;1Þ: We claim that there is some
%
rAðri1;1; riþ1;1Þ such that hð
%
r; t1Þ4p: For if this would not be the case, then the
Comparison Principle should show that hpp on ½ri1;1; riþ1;1  ½t1;
%
t for some
%
t4t1;
contradicting that ðri ; t1ÞABi;a: We now choose ri;1 ¼
%
r:
A similar argument proves that, when i ¼ 1 mod 4; we may choose ri;1 such that
hðri;1; t1Þowaðri;1Þ; again without violating the order. (The cases i ¼ 1 and i ¼N
must be dealt with separately, but this is easy to do.)
Thus, the sequence fri;1g has the property wða; t1; NÞ: We set %Nða; h0Þ ¼ Gða; h0Þ:
The fact that Nða; h0; tÞ is nonincreasing in a is obvious. &
We can now start with the proof of the Theorem.
(i) By Chang and Ding [3] it is no restriction to suppose that Yð0Þ4p; moreover,
by choosing the initial time sufﬁciently close to T ; we may suppose that
jYðtÞ YðTÞjop
4
for all 0ptpT : ð14Þ
Let r ¼ supfr: h0ðr; 0Þop for all rorg: We construct a smooth function u0 with the
properties
u0ð0Þ ¼ u0ðrÞ ¼ p;
u0ðrÞ ¼ h0ðr; 0Þ ðrprp1Þ;
u00ð0Þoh0rð0; 0Þ;
u0ðrÞXh0ðr; 0Þ4u0ðrÞ  p ð0orp1Þ;
and we consider the problems
ðP1Þ
ut ¼ urr þ ur
r
 sin 2u
2r2
ð0pro1; 0otoNÞ;
uð1; tÞ ¼ YðtÞ ð0otoNÞ;
uðr; 0Þ ¼ u0ðrÞ ð0prp1Þ;
8>><
>>:
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and
ðP2Þ
wt ¼ wrr þ wr
r
 sin 2w
2r2
ð0pro1; 0otoNÞ;
wð1; tÞ ¼ YðtÞ  p ð0otoNÞ;
wðr; 0Þ ¼ u0ðrÞ  p ð0prp1Þ:
8>><
>>:
By Comparison, we know that the solutions satisfy
wphpu: ð15Þ
Let us now assume, for contradiction, that lim suptmT ;r-0 hðr; tÞ4p:
Then, by (15), there is a time TðuÞpT such that lim suptmTðuÞ;r-0 uðr; tÞ4p; which,
since w ¼ u  p; implies that
lim sup
tmTðuÞ;r-0
wðr; tÞ40: ð16Þ
On the other hand, because these solutions are smooth in ½0; 1  ½0; TðuÞÞ; there is a
positive time tˆoT such that wðr; tÞoh0ðr; 0Þ for all 0ototˆ : From (14) we deduce
that Yðt þ tˆ Þ  poYðtÞ  p
2
when t þ tˆpT ; and it follows by Comparison that
wðr; tÞphðr;maxf0; t  tˆ gÞ for all 0prp1; 0ptpT :
By (16) this implies that TðuÞ4T ; which is a contradiction. It follows that
lim sup
tmT ;r-0
hðr; tÞ ¼ p; ð17Þ
which constitutes the ﬁrst part of (i).
To prove that limr-0 hðr; TÞ ¼ p; we suppose, to the contrary, that
limr-0 hðr; TÞp0; and we proceed in several steps to arrive at a contradiction.
Claim 2.4. Let %r40 and let hð%r; TÞop: Let 0oeop hð%r; TÞ be given and let t be
such that jhð%r; TÞ  hð%r; tÞjoe for tptpT : Then, for all tA½t; TÞ; there exists an
r˜ðtÞo%r such that hðr˜ðtÞ; tÞ4p:
Proof. Suppose, for contradiction, that hðr; tˆ Þpp for some tˆAðt; TÞ and for all
rAð0; %rÞ: Restricting h to ½0; %r  ½tˆ ; T  and using [3], we obtain that
lim suptmT ;r-0 hðr; tÞp0; which contradicts (17). &
Claim 2.5. (a) For all d40 there exists an rAð0; dÞ such that hðr; TÞ40:
(b) limr-0 hðr; TÞ ¼ 0:
Proof. (a) Choose 0o%rod such that hð%r; TÞop: Choose e as in Claim 2.4, with the
additional requirement that eop4; and choose toT accordingly. Using Claim 2.4
we construct the functions u and w on ½0; %r  ½t; T  in precisely the same way as in the
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proof of the ﬁrst part of (i). We obtain that uXhXw in ½0; %r  ½t; T ; whereas there is
a 0otoT  t such that hðr; tÞXwðr;maxft; t  tgÞ: In particular, we ﬁnd that
hðr; TÞXwðr; T  tÞ: ð18Þ
On the other hand, by Claim 2.4 there is some r˜o%r such that
uðr˜; T  tÞ ¼ pþ wðr˜; T  tÞXhðr˜; T  tÞ4p: ð19Þ
Combining (18) and (19) yields that hðr˜; TÞ40:
Statement (b) follows immediately. &
Given some 0odop we use Claim 2.5 to construct a point %r40 and a time %toT
such that
0ohð%r; TÞpd; ð20Þ
hðr; TÞpd for all rp%r; ð21Þ
and
jhð%r; tÞ  hð%r; TÞjomin p
4
;
hð%r; TÞ
2
 
for all %tptpT : ð22Þ
For convenience, we shift time in such a way that %t ¼ 0; we write hð
; %tÞ ¼ h0ð
; 0Þ;
and we rescale the problem such that %r ¼ 1:
Claim 2.6. If a40 is such that wað1Þohð1; tÞ for all 0ptpT ; then Nða; h0; tÞX5 for
all tA½0; TÞ:
Proof. Suppose that Nða; h0; t˜Þo5 for some 0ot˜oT : Then, by Lemma 2.3,
Nða; h0; tÞo5 for all tA½t˜; TÞ: Claim 2.4 implies that for each tA½0; TÞ there is a
point 0orðtÞo1 such that hðrðtÞ; tÞ4p: We deduce that hðr; tÞXwaðrÞ for all
rXrðtÞ; t˜ptoT : Note that (21), and the fact that hð
; tÞ-hð
; TÞ uniformly on
compact subsets of ð0; 1; imply that rðtÞ-0 as tmT : Therefore, hðr; TÞXwaðrÞ; which
contradicts Claim 2.5(b). Thus, Nða; h0; tÞX5: &
Next, we use Lemma 2.3 to determine %a40 and t0Að0; TÞ so large that
w%að1Þohð1; tÞ for all 0ptpT and that Nð%a; h0; t0Þ ¼def N is minimal. Claim 2.6
implies that NX5:
For all aX%a; tAðt0; TÞ we now consider sequences r1ða; tÞ;y; rNða; tÞ satisfying
wða; t;NÞ:
Claim 2.7. Let %m ¼ maxf jAN; joN : j ¼ 3 mod 4g: Then
lim
tmT
rjða; tÞ ¼ 0 for all aX%a and jp %m:
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Proof. Since hð
; tÞ-hð
; TÞ uniformly on compact subsets of ð0; 1; and since
hðr %mða; tÞ; tÞ4p; it follows from (21) that limtmT rjða; tÞ ¼ 0 for all jp %m: &
For aX%a and tAðt0; TÞ we deﬁne
zða; tÞ ¼ maxfrAðr %mða; tÞ; 1 : hðr; tÞXwaðrÞ for rAðr %mða; tÞ; rÞg:
This deﬁnition does not depend on the particular choice of r %mða; tÞ:
Claim 2.8. limtmT zða; tÞ ¼ 0:
Proof. Suppose to the contrary that zða; tiÞXz40 for some sequence timT : Then
hð
; tiÞXwa on ðr %mða; tiÞ; zÞ: By Claim 2.7 this would imply that hðr; TÞXwaðrÞ when
roz: This contradicts Claim 2.5(b). &
We are now able to complete the proof of (i). First, we again construct functions u
and w as in the ﬁrst part of this proof, requiring that YðtÞ ¼ hð1; tÞ: We obtain that
there is a positive time t such that wð
; 0Þohð
; tÞ for all 0ptpt:
It follows that
wð
; T  tÞphð
; tÞ for all tA½T  t; TÞ: ð23Þ
In what follows, we choose t sufﬁciently small or t0 sufﬁciently large to have
T  t ¼ t0: ð24Þ
We have that uðr %mð%a; t0Þ; t0ÞXhðr %mð%a; t0Þ; t0Þ4p and, therefore, that wðr %mð%a; t0Þ; t0Þ
40: Let us now choose aX%a so large that wa ðr %mð%a; t0ÞÞowðr %mð%a; t0Þ; t0Þ:
Let
R ¼ inffr : wðr; t0Þ4wa ðrÞ for all rAðr; r %mð%a; t0ÞÞg;
Rþ ¼ supfr : wðr; t0Þ4wa ðrÞ for all rAðr %mð%a; t0Þ; rÞg:
It is clear that R40: Moreover, zða; t0ÞXRþ and by Claim 2.8 it is possible to
determine tAðt0; TÞ such that zða; tÞoR: By the construction of z; there is some
e40 such that zða; tÞ þ eoR and hðzða; tÞ þ e; tÞowa ðzða; tÞ þ eÞ; and we
may take r %mþ2ða; tÞ ¼ zða; tÞ þ e:
Going back to the arguments in the proof of Lemma 2.3, we deduce that there is a
curve SCA1;a-ft0ptptg; connecting ðr %mþ2ða; tÞ; tÞ with some ðrˆ ; t0ÞAB %mþ2;a :
Clearly, rˆXzða; t0ÞXRþ; and we deduce that there is a pair rAðR;RþÞ; tA½t0; t
such that hðr; tÞowa ðrÞowðr; t0Þ; which contradicts (23) and (24). This completes the
proof of (i).
To prove (ii), we remark that (i) can also be formulated as:
If lim inf tmT ;r-0 hðr; tÞp p; then lim inf tmT ;r-0 hðr; tÞ ¼ limr-0 hðr; TÞ ¼ p:
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Since limr-0 hðr; TÞ ¼ p and hð0; tÞ ¼ 0 for all toT ; we deduce that 0XL ¼def
lim inf tmT ;r-0 hðr; tÞ4 p: With e40 such that L  e4 p; we choose
%
r and
%
t such
that hðr; tÞXL  e when rp
%
r;
%
tptpT : It is now easy to ﬁnd an appropriate fb (with
bo0) such that hXfb on ½0;
%
r  ½
%
t; T ; which proves that L ¼ 0:
We shall now prove (iii). By (i), it is no restriction to suppose that
hð1; tÞ4p
2
for all tA½0; T ; ð25Þ
which we shall do from now on. Using Lemma 2.3, we now determine %a40 and
t0A½0; TÞ such that w%að1Þop2 and such that Nð%a; h0; t0Þ ¼def N is minimal. Without
loss of generality, we shall assume that t0 ¼ 0 and in what follows we shall always
take aX%a: For toT ; let rðtÞ be deﬁned by
rðtÞ ¼ maxfr40 : hðr; tÞpp for all rAð0; rÞg:
Writing
rðtÞ ¼ sup r40 : hðr; tÞpp
2
for all 0prpr
n o
;
we deﬁne
VðtÞ ¼ rAðrðtÞ; rðtÞÞ: hðr; tÞop
2
n o
:
For 0ptoT a sequence 0or1o?ornp1 is said to have the property PðtÞ when n
is odd, hðr2i1; tÞop2; and hðr2i; tÞ4p: A simple energy argument shows that there is
a constant Cðh0; tÞ such that noCðh0; tÞ for all such sequences.
Lemma 2.9. When n˜ðtÞ is the maximal length of a sequence with property PðtÞ; then
n˜ðtÞ is nonincreasing in t.
Proof. This follows from a lapnumber argument combined with (25). &
Without loss of generality, we suppose that
M ¼def minfn˜ðtÞ : 0ptoTg ¼ n˜ð0Þ: ð26Þ
Lemma 2.10. Let 0pt˜oT and let r˜orðt˜Þ be such that hðr˜; t˜Þop: Then hðr; tÞop for
all rpr˜ and all t4t˜ with the property that hðr˜; sÞop for all sA½t˜; t:
Proof. Writing t# ¼ supft4t˜: hðr˜; sÞop for all sA½t˜; tg; we have by Comparison
that hðr; tÞpp when rpr˜; t˜ptpt#: Let 0o
%
ror˜ be such that hð
%
r; tÞo1 for all
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rA½0;
%
r; tA½t˜; t#: In the region ½
%
r; r˜  ½t˜; t# we have that
ðh  pÞtpðh  pÞrr þ
ðh  pÞr
r
 Cðh  pÞ
for some appropriate C40: Applying the maximum principle to the function H ¼
eCtðh  pÞ yields the desired result. &
Let r0 ¼ supfrorð0Þ : hðr; 0Þ ¼ p2g and let r40 be such that r0 þ rorð0Þ and
hðr0 þ r; 0Þop: By Lemma 2.10 we may, without loss of generality, assume that
hðr; 0Þop for all rpr0 þ r: Therefore, we can ﬁnd a %b40 such that hðr; 0ÞofbðrÞ for
all 0orpr0 and all bX %b: In what follows, we shall always take bX %b:
If there would be some 0or˜or0 such that hðr˜; tÞpfbðr˜Þ for all tA½0; TÞ; then
Comparison should imply that hðr; TÞpfbðrÞ for ror˜; which contradicts the blow-
up assumption. This enables us to deﬁne, for ror0;
tˆ bðrÞ ¼ supft40 : hðr; sÞpfbðrÞ for all sA½0; tg;
and we have that tˆ bðrÞoT for all 0oror0:
Lemma 2.11. (a) Given any 0or1or2or0; then hðr1; tÞofbðr1Þ whenever
0ptptˆ bðr2Þ:
(b) tˆ bðrÞ is strictly decreasing in r:
Proof. Comparison yields that hðr; tÞpfbðrÞ for all rA½0; r2; tA½0; tˆ bðr2Þ: The
maximum principle, applied in the region ½r1
2
; r2  ½0; tˆ bðr2Þ to some appropriate
ectðh  fbÞ then implies that fbðr1Þ  hðr1; tÞ40 for all tA½0; tˆ bðr2Þ; which proves
both (a) and (b). &
We deﬁne %rb by the relation fbð%rbÞ ¼ p2:
Lemma 2.12. Let
%
tb ¼ limrk%rb tˆ bðrÞ: Then Vð
%
tbÞ ¼ |:
Proof. Suppose, to the contrary, that Vð
%
tbÞa|: By Lemma 2.11, hðr;
%
tbÞofbðrÞop2
for all ro%rb: Therefore, if r˜AVð
%
tbÞ; then r˜4%rb and there is a t140 such that
hðr˜; tÞop
2
for all tA½
%
tb  t1;
%
tb: Upon choosing r#Að%rb; r˜Þ such that tˆ bðr#ÞAð
%
tb 
t1;
%
tbÞ; we determine t240 such that tˆ bðr#Þ þ t2o
%
tb and such that hðr#; tˆ bðr#Þ
þt2Þ4fbðr#Þ: Let G be the connected component of fh4fbg in ½0; 1  ½0; tˆ bðr#Þ þ
t2 containing ðr#; tˆ bðr#Þ þ t2Þ: From Lemma 2.11 we deduce that hofb in ½0; %rb 
½0; tˆ bðr#Þ þ t2: Therefore,
GCfrX%rbg:
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Arguing as in Lemma 2.1, we deduce that G-ðft ¼ 0g,fr ¼ 1gÞa|: Using (26), we
now choose a sequence r#or1o?orM such that hðr2i1; tˆ bðr#Þ þ t2Þop2 and
hðr2i; tˆ bðr#Þ þ t2Þ4p; taking r1 ¼ r˜: Arguing as in the proof of Lemma 2.3, we
construct a sequence rˆo #r1o?o #rM such that hðrˆ ; 0ÞXfbðrˆ Þ; hð #r2i1; 0Þop2 and
hð #r2i; 0Þ4p: Clearly, rˆ4r0; which implies by the deﬁnition of r0 that #r14rð0Þ: But
this contradicts that n˜ðtˆ bðr#Þ þ t2Þ ¼ n˜ð0Þ ¼M (see (26)), and the proof is
complete. &
Lemma 2.13. Let b4 %b: For each tA½
%
tb; TÞ there exists an r@ðtÞAð0; rðtÞÞ such that
hðr; tÞpp
2
when rpr@ðtÞ and hðr; tÞXp
2
when rXr@ðtÞ:
Proof. First, we remark that, by the order of the points %rb and Lemma 2.11,
%
tb is
strictly increasing in b: Lemma 2.12 already enables us to deﬁne r@ð
%
t %bÞ with the
wished property. For b4 %b and tAð
%
tb; TÞ; suppose to the contrary that there are
points r1or2or3 such that hðr1; tÞ4p2; hðr2; tÞop2; hðr3; tÞ4p2: Then a reasoning
similar to the proof of Lemma 2.3, combined with the fact that n˜ðtÞ remains constant
(see (26)), yields the existence of points *r1o *r2o *r3 such that
hð *r1;
%
tbÞ4p2; hð *r2; %tbÞo
p
2
; hð *r3;
%
tbÞ4p2; which contradicts Lemma 2.12. &
To complete the proof of (iii), we assume, for contradiction, that a bubble tree
develops. From Lemma 2.13 we deduce that no bubble tree can be ‘‘squeezed
together’’ to the left of rðtÞ: This implies
Claim 2.14. NX5:
Finally, let zða; tÞ ¼ maxfr4rðtÞ : hðr; tÞXwaðrÞ for all rA½rðtÞ; rÞg: Note that,
given any sequence r1ða; tÞ;y; rNða; tÞ satisfying wða; t;NÞ; we have that
zða; tÞ4r3ða; tÞ: Now, on the one hand, we must have that limtmT zða; tÞ ¼ 0 and,
on the other hand, if a is sufﬁciently large we can construct a barrier w; precisely as
before, which prevents this. Thus, we have a contradiction and the proof is
complete. &
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